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Abstract 

In a recent preprint Kodiyalam and Verma give a particularly simple Gelfand model for 
the symmetric group that is built naturally on the space of involutions. In this manuscript 
we give a natural extension of Kodiyalam and Verma's model to a Gelfand model for Weyl 
groups of type B„ and D2n+i- Then we define an explicit isomorphism between this Gelfand 
model and the polynomial model for the groups W{An) and W{Bn) using a technique that 
we call telescopic decomposition. 

1 Introduction 

A Gelfand model for a finite group is a complex representation that decomposes into a multiplicity- 
free sum of all the irreducible complex representations. The terminology was introduced in |15) 
and alludes to seminal work by Bernstein, Gelfand and Gelfand where models for connected 
compact Lie group are constructed using induced representations. Continuing along these lines, 
Klyachko |13| constructed models for general linear groups over finites fields using sums of induced 
representations. A body of recent work constructs natural Gelfand models for other kinds of 
groups, focusing in particular on the case of finite reflection groups. 

Two types of Gelfand models have emerged in the literature. The first type is an involution 
model, inspired by Klyachko's work and studied, for example, in [5], [3] and [TT]. The models for 
the symmetric group in [T] and the generalized symmetric group in |14| are versions of this kind 
of model. A general result about the existence of involution models for finite Coxeter groups is 
treated in |16j . For a finite group it is known that the dimension of a Gelfand model is equal to 
the number of involutions if and only if the irreducible representations can be realized over the 
real numbers. Hence criteria for the existence of generalized involution models are studied in [Tl] 
to treat the case of complex reflection groups. 

A second type of model, the polynomial model, was introduced in [2] and used to construct 
a Gelfand model for the symmetric group. This second type of model is associated to a finite 
subgroup of the complex general linear group, and is shown to be a Gelfand model for reflection 
groups of type i?„, D2n+i, h (n) and G (m, 1, n) in [3], [S] and [B]. Garge and Oesterle [ID] study 
the polynomial model in a more general context and give a criteria for when it is a Gelfand model 
for a finite Coxeter group. 

In a recent preprint |12j Kodiyalam and Verma give a particularly simple Gelfand model for 
the symmetric group that is built naturally on the space of involutions. They raise the prospect 
of extending their model to other Weyl groups and of finding an explicit relationsip to the poly- 
nomial model. In the second section of this manuscript we give natural extensions of Kodiyalam 
and Verma's model to representations for the Weyl groups of type i?„ and type We prove 
these extensions are Gelfand models for W (Bn) and for W{D2n+i)- In the third section of this 
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manuscript, we give an explicit isomorphism between the Gelfand models constructed for W{An) 
and W{Bn) and the polynomial model for these groups by using a technique we call telescopic 
decomposition. Our main result is Theorem 3.9 at the end of the manuscript. 



2 A Gelfand model 

In this section we construct natural extensions of Kodiyalam and Verma's Gelfand model for a 
Weyl group of type A„_i to representations for the Weyl groups of type i3„ and D„. We prove 
the representation for W(i3„) is a Gelfand model and that representation for W{Dn) is a Gelfand 
model when n is odd. In what follows, W will denote a Weyl group of type A„_i, B„ or Let 
&n denote the permutation group for the set of indices I„ = {1,2, ... ,n}. We introduce the group 
W {Bn) as the semidirect product: 

X &n 

where we think of C2 = {±1} as subgroup of C*. There are natural inclusions: 



Consider the decomposition oiV = C[x\, . . . , a;„] into homogeneous components 

V = ®n>oVn 

The Weyl group W acts naturally on V by extending the linear action of W on the homogeneous 
component T'l of V given by 

(C,7r) • Xi = C,T,{i)X^(i) 

for i G I„. 

Let I be the set of involutions in W. An element r = (C, tt) S X divides the set I„ into four 
subsets L\, CI, and C2 defined in the following way: 

LI U CI = {i : TT {i) = i} and U = {i : tt (z) ^ i} 

and 

-Xi i e LI 

r(x-) = \ ^i^«e<^r 



We introduce the M^-module 



V = V®{V AV) 



and kit S{V) denote the symmetric algebra of V. To each involution r = (C, tt) € X we associate 
the element € S{V) defined by 



Br = 



Y[ Xk 



\ 



Yl (XmAX^^^)) 



\m<7r(m) 



n 



V<7r(0 
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The vectors transform nicely under the action of elements from W. In particular, if w = 
(£, T]) €W then 

m<ri{m) l<r]{l) 

= ±e -1 

Let be the subspace of S'(F) generated by the elements with r € I. The action of W on 
y extends naturally to an action on M.. For r e X, we let A4t C be the T4^-submodule of M. 
generated by the T4^-orbit of r. 

Remark 2.1 Observe that if t = {C,7r) is an involution in W, then it is an involution in 6„ and 
so the cardinalities \Cl\ and ICJ | are both even numbers, because the elements in CJ" and are 
paired by tt. 

Proposition 2.2 Let M be the previously defined W-module 

i) dime {M) = 

ii) Mr = {TTCr : TT £ &n) ■ 

Hi) Mr = Mfi if and only if t and fi are conjugate under the action of &n- 

iv) IfdKisa system of representatives of the &n-orbit inl , then M = (BpemMp. 

Proof, i) For i < j the factors Xi, xf Axj and XiAxj are linearly independent in V, thus it follows 
that the elements with r S X form a basis of M. 

ii) and Hi) follow from the way elements in W transform the basis vectors Cr and efj,. 

iv) follows from i). m 

Since the dimension of a Gelfand model for W coincides with the number of involutions, it fol- 
lows from the previous proposition that is a Gelfand model if and only the module is multiplicity- 
free. In order to prove this, in what follows, we will show End^y {M,M) is a commutative ring 
except for W = W{D2„). 

Given t, G X we define an equivalence relation r ~e„ if r and fj, are conjugate under the 
action of ©„. 

Proposition 2.3 Ifr,^ e X, then r -^e^ At if, and only, if = \Lj\ and \Cj\ = \Cj\ for each 
J = 1,2. 

Proof. Suppose tt G ©„ and that r = tt/xtt"^. Then it follows that LJ = tt {L^) and CJ = tt {Cf) 
for j = 1,2. Conversely, if the cardinalities of the given sets are the same, then it clear there is a 
permutation tt G ©„ such that r = n^n~^ ■ 

Lemma 2.4 Given t, ^ G X such that I„ = L[ U C[ = L^* U Cf or I„ = U CJ = U C^, then 
there exists a transposition uj G &n such that uiCr = ie^ and we^ = ^pe^i or else there exists an 
involution oj G S„ such that we^ = ±6^^. 

Proof. Letting r = {(, n) and w = (^, /x) we will work on the involutions tt and /i in ©„. Suppose 
that I„ = LI U CI = L'^U Cf . 
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First we treat the case where Cf n ^ 0. Let i G Cf n be. Starting with z, we build a 
sequence by applying first [i and then tt alternately. Let k be the greatest natural number such 
that this sequence is injective. We have 

I = ii — > i2 — > 13 — > i4 — > • ■ • ^ «fe II K IS odd 
I = «i — > ?2 ^ «3 — > «4 ^ • • • ^ «fc II «; IS even 

Suppose = 2Z + 1 is an odd number. The value of [i {ik) must match one of the elements 
ii,i2, ■ ■ ■ ,ik- Prom the above table it follows that the product of transpositions 

{ii, 12) («3, 14) • • • {ik-2, ik-i) 

is part of the cyclic decomposition of /x. Therefore /x {ik) = ik- Let tti, ni and a be the involutions 
given by 

TTi = (ii) (i2, 13) («4, is) • ■ • (jfc-1, ife) 

Ml = («i,i2) (i3,«4) • • • {ik-2,ik-i) (ik) ■ 
cr = {ii,ik) («2,ife-i) • • • {ii,ii+2) 

Thus TTi and /xi are part of the cyclic decompositions of tt and n respectively and satisfy the 
condition aiTia~^ = jii. Hence 

so that crex = ic;^. 

Suppose A; = 2Z is a even number. Arguing as in the previous case, we obtain n {ik) = ik- This 
time the involutions tti, /ii and a arc given by 

TTl = (ii) («2, ^3) (»4, «5) • • • (ife-2, ifc-i) (ife) 
Ml = (n,«2) (»3,i4) • • • {ik-i,ik) 
cr = {ii,ik) («2,ife-i) • • • {ii,ii+i) 

and verify the condition ania~^ = tti, a^ia~^ = /ii. This time we have 

(7 (xjj {xi2 A ajjg) {xi^ A Xi^) - ■ - {xii._2 A Xi^. .^) Xi,.) = 

( "^ii (*^i2 ^ Xi^) {Xi^ A ) * ' ' (•^Zfc_2 ^ "^^fc-i) "^^/c 

^ ) (^23 A Xj^ ) ' ' * A ^ ^ — ( 1) {Xi^ A Xi2 ) (•^13 A X^^^ ) ' * ' A Xj^ ^ 

SO that aer = ±6^ and ae^ = T^u- 

Suppose now Cf n L[ = 0, or cquivalcntly = Cf . It is clear that if Cf = then Cr — e/x. 
Otherwise, as before, we construct a sequence i\,i2, ■ - - ,ik- In this case, k = 21 \s necessarily an 
even number, since from a table of type 

^ . TT . fl . TT TT . 

ll ^ l2 ^ ly, ^ H ■ ■ ■ ^ Ik 

it follows that ji {ik) = ik- Since ik & CI = Cf this is impossible. 
Therefore the table must be of the type 

Zl Z2 —> 23 «4 ^ Zfc 

and TT {ik) = ii- As in previous cases, we have the involutions tti, ni and a given by 

TTi = (^2, ii) {ii-, is) • • • («fc-2, ife-i) («;s, n) 
Mi = («i,«2) {iz-,ii) ■ ■ ■ {ik-i,ik) 
o- = («2, ik) («3, ife-i) • • • {ii-,H+2) 
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which verify ania ^ = fii. Hence 

(T (^{xi^ A ) {xi^ A ) • • " {^Xii._2 A Xif._^^ {xi^ A 2;^^. )^ = (~ 1) {x^^ A a^jj ) {xi^ A Xj^) • • • (a;jj._ ^ A Xj^. ^ 

and it follows that ae^ = ±e„ . 

The proof for the case I„ = L2 U CJ = L2 U C2 is similar. ■ 

Remark 2.5 When W is the symmetric group ©„, this is precisely the CQjSe^fi — L'l^^C^ — ^2^^2 
and all the factors involved have the form x"^ Ax^. Moreover, in the case where W = W{Dn) then 
\Ll\ is an even number for every involution r e W{Dn)- 



We find it useful to introduce the symmetric bilinear form (■, ■) on with orthonormal basis 
{cr ■ T & Using the formula for the way elements of W act on the basis vectors of A^, it follows 
that the form is invariant under W. In particular 

{aer,aef^) = (e,-, e^) = Sr,^^ Vr, /x e I, Va G W 



Lemma 2.6 If W is a Weyl group of type An-i, Bn or Dn with n odd in the last case, then 

End\Y {M.^A4) is a commutative ring. 

Proof. Fix (/> € Endvy {M., M.). We will show that is a complex symmetric operator with respect 
to the invariant form defined above. In particular we will show that 

Let CTj be the reflection in W {Bn) defined as a^Xj = (1 — 25ij) a;^ .where 5 is the Kronecker function. 
We denote by Q the element in W given by 



di if W = W{B^) 

-Gi if W = W{Pn) 



This last point is where use the fact that n is odd for the group W (Dn)- When n is even then C,i 
does not belong to W {Dn)- If r e X and i e I„ we claim that 

_ J er a LIU CI 
(,ier - j if i^LlU CI 

This is clear if W = (B„) and in the case that W = W {Dn) we have 



^_-^yL[ucrig^ if i^LluC{ 



[ (-l)l^i^'^il-^e^ if i€LlUCl 

Thus the assertion follows from the fact that \Ll\ and |Cf | are even numbers and the condition 
LinCi = 0. 

Let T,Lu eihe and suppose L^" U 7^ L[ U Cf ^ 0. Suppose i e (LI U CI) - (L^ U Cf ). 
Then we have 

Ci^r ~ and Ci^oj ~ ^u! - 

Hence 
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that is (er, <pe^) and similarly {(f>er, e^) = 0. In the case that Lf U Ci ~ L\U CI we let J 
denote this union and also write U = U C'J = K. Let VKj and Wk be the subgroups of 
W defined by: 

Wj = {aeW : axk = x^, Vfc e if} 
Wk = {(t : axj = Xj, Vj £ J} 

Then Wj and Wk are both Weyl groups of the same type as W. The involutions r and w can be 
factored as: 

T — Tj tk and cj = wj 

in Wj X Wif. Applying Lemma [2.41 to the pairs Crj, e^j and Ct-^, Bj^j^ , we conclude that there is 
an involution u such that: 

ujCt = — Cr and we^^ = or ojCt = ±6^^ 
In the first case, as before, is (cr, ^e^j) = = (e^^, 06^^) and in the second case we have: 

Hence End^i^ M.) is an algebra of operators contained in the space of symmetric operators. It 
follows that End {M,M.) is commutative. ■ 



Theorem 2.7 Suppose W is a Weyl group of type An, Bn or D2n+i, then A4 is a Gelfand Model 
for W. 

Proof. By Lemma 12.61 is a multiplicity-free VT-module. On the other hand, the dimension 
of M coincides with the number of involutions. As mentioned above, this is known to be the 
dimension of a Gelfand model for a Weyl group. ■ 

Remark 2.8 Since Baddeley has shown in his doctoral thesis that a Weyl group of type D2n does 
not have an involution model (see, for example J16f), one would expect that the representation 
defined in this section is not a Gelfand model for W{D2n)- We remark that it is not hard to see 
that A4 is not mutiplicity-free in this case. 

3 Relation to the polynomial model 

Suppose G C GLn (C) is a finite subgroup. The group G acts on the space of complex valued 
polynomials V — C[xi, . . . , Xn] according to the natural action of GLn (C). The polynomial model 
for the group G is based on subspace Afc C V determined as the zeros of an associated subset of 
the G-invariant invariant differential operators defined on V. In particular, let 2? denote the Weyl 
algebra of differential operators with polynomial coefficients. Then G acts naturally on 7) by 

g-D = gDg-^ geG,DeV 

where both g and D are taken as elements in Endc (V)- Let V-^ denote the centralizer of G in V. 
We will define a G invariant subset of elements of negative degree in I)^. Let I„ = {1, 2, . . . , n} 
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be the set of indices and let M = {a : I„ — ?> No} be the set of multi-indices in I„. Given a G M 
we put: 



\a\ = ^ a; 

1=1 



Each element in V can be written uniquely in the form 

a,/3GAf 

We define the subset of elements of negative degree in as follows 



|/3|>|a| 



The space A/g is defined by 



ATg^ {P : D{P) = 0.yD e V^] 



In general one knows that Mg contains a Gelfand model for G [3]. As mentioned in the introduc- 
tion, when G is a Weyl group of type An, Bn, or I?2n+i realized in linear form by its geometric 
representation then Mg is a Gelfand model for G. 

In this section we give a specific relation between Gelfand model defined in the previous section 
and the polynomial model for the Weyl groups W = ©„ or W = W (Bn). The treatment for a 
Weyl of type £'2n+i proceeds in somewhat distinct manner and will not be not included. 

We continue to let I denote the set of involutions in W. Observe that the symmetric group 
&n acts on the set of multi-indices M in I„ by 



TT ■ a — a O TT 



ae M, TT e 6„ 



To avoid ambiguity, in all that follows, we assume that the elements of the subsets I = 
{ii, . . . , ik\ of I„ — {1, 2, . . . , n} are arranged in increasing order. Given a multi-index a : / — ?> No 

we let V {a,I) denote the polynomial defined by the determinant of the matrix x"'' . Hence 



V (a, /) = det 



Recall the action of W on the space of polynomials P defined in the previous section. Then for 
each permutation 77 G (3„ we have 



■qV (a, /) = det 



arj 



The polynomial V (a, /) is said to have positive orientation if it coincides with V (5, /) where 
a is obtained by rearranging a in increasing order. Otherwise, we say that V (a, /) has negative 
orientation. 

Gonsider the symmetric group &2k of the set l2k = {«i,«2, . • . ,i2fc-i,i2fc} and the symmetric 
group &k of the set Ik is, . . . , j2fe-i}. Every permutation tt G &k can be extended to a 

permutation 7f in &2k defined as 7f(i2j) = ik+i if {i2j-i) = ik- The permutations in &2k 
obtained in this way, will be called double permutations. . 
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Proposition 3.1 Suppose a : l2k — >■ No is a multi-index and F C is a subset that satisfies 
i2j-i & F ^ i2j e F. Then V {a,F) and WV {a,F) have the same orientation for every double 
permutation W. 

Proof. Suppose that V {a, F) has positive orientations. By exchanging rows (or perhaps columns) 

in the matrix x^. associated to the polynomial V [aw ,F), we can arrange that the terms 

of a7f~^ appear in increasing order. Since 7f is a double permutation, these exchanges can be done 
in pairs. Therefore V [aW~^,F'j has positive orientation. ■ 

Recalling notation from the previous section, for every r G X we put = CI U CJ and 
L'^ = LI U L^. Note that r can be factored uniquely as r = r"*" x t~ where r"*" is the product of 
the positive cycles that decompose r and t+ is the product of the negative cycles that decompose 

T. 

To each subgroup A C 6„ we associate the operator defined as 



Observe that this operator can be applied to elements of any (S^i-module. 
We can write 

Ll = {ii,ji,---,ir,jr} and = {fci, /i, . . . , fcs,.7j 

where the sequences ii, . . . ,ir and ki,. . . ,ks are strictly increasing and where ip < jp = t (ip), 
kq < Iq = T (kg) fov 1 < p < r, 1 < q < s and define a corresponding multi-index Ur & M in the 
following manner 

fl if i€Ll ariip)=2p-l arijp) = 2p + l 

«r l«j - I Q ^ ^ ana ^^^^^ = 2 (g - 1) (kq) = 2q 

To an involution t GW we associate the polynomial 

= i}^^x"^ (2) 

where = 1?+ x i?~ with 1?+ and ■&~ the centralizers of t+ and r~ in & (CJ ) and & (L^), 
respectively. 

We let 9Jl denote the T^-module generated by Pr with r e X. 

Remark 3.2 Given tt G &„, R C and fid as defined before, note that: 

nQf^TT-^ = f^TT^STT-i (3) 
nftii = fl^n = sg (tt) 0,^ ifirGR 

Proposition 3.3 The application (f) : M ^ ^ defined on the basis vectors by the formula (j) (ct-) = 

P-T, for T €l, is morphism of W -modules. 

Proof. Suppose t E I and let a = {(, 1) G W. From our description (in the previous section) of 
the action of W on the basis vectors in Ai it follows that 
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Decomposing the operator il^}^ = il^- x 0,^+ and applying this to the polynomial 

= \ II X, II I I x[""^' TT x^"^^' 



it follows that 



j 



Using the definition of ar in (1) we obtain 

^Pr=\ n ) Pr- 

\3eLlUCl J 

Therefore (j>{aeT) = a(j){eT)- 

Now consider an element in W of the form (1, /i). Then 

where e^r is the number of transpositions which are factors of r with yn (z) > /x (j). Using the 
formula in (3) we obtain 

I^Pj. = ^ifl^^fi-'^ij.x"^ = n^^^^-iyua;"-. 
From (1) it follows there exists (p G iJ,-&rfi~^ such that: 

The element if can be factored as ip = koj where w is a double permutation and 

n (M(v)'M(ip)) X n i(J'ikq),IJ'{lq))- 



Thus we obtain 



Therefore (/)(/ie^) = iKp (e^). Hence the proposition follows from the fact that W can be generated 
by the elements of the form a and fi. ■ 

Definition 3.4 Telescopic decomposition 

Let U he a G-module and suppose N is a semisimple G-submodule ofU. Ifd:U U is a nilpotent 
G-morphism then d determines an isomorphism of N with a submodule of U that decomposes as 
a direct sum 

N ~ ®k>oNk C U 

where 

No = Nn Ker{d) and ifk>l Nk = {m e d'' {N) : 3 (m) = O} . 

This G-submodule of U will be called the telescopic decomposition of N respect to d and will be 
denoted as: 

Ve (N) = (Bk>oNk 

Note that 

N ::iDo{N)CU 
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From this point our basic strategy is as follows. So far we have defined a morphism of W- 
modules 

where A4 is the Gelfand model from the previous section and where (M) = 9}T is the image of cj) 
in v. We introduce the W^-invariant differential operator d defined by 

The remainder of this section will be spent proving that the polynomial model J\fw is the telescopic 
decomposition of 2t with respect to d. 

A (3„-orbit 7 in the set of multi-indices. M is said W -minimal if for each a G 7 we have 

a-^ (i) > a-^ {i + 1) if W = en 
a-^ (i) > a-^ {i + 2) if W^W{Bn)' 

Given a ly-minimal orbit 7 in M we define a corresponding T4^-submodule of T-" = given by [?] 



(S'-y 



J J2 Aas" : A„ G C I 

(ae-y ) 



'1 

and let 5"° be the ly-submodule of defined by 

5^ = {P G 5^ : 9 (P) = 0} . 
The following theorem is established in 2 and [3]. 

Theorem 3.5 If ^ is W -minimal then representation is irreducible and 

-minimal 

After some initial preparation we will show when 7 is M^-minimal then nVg (9Jl) ^ {0}. Let 
/ = {ii, 12, . ■ ■ , ik] ^ In and define multi-indices i, Lp and k : / — No by 

ii, = j - 1, </5i, = 2 (j - 1) and n,. = 2 j - 1 . 

We introduce the groups &k — & (/) and W {Bk) = C2 x 6 (/)■ Note that l is (3fe-minimal and 
that ip and 5 are W (Pfe)-mimmal. We also introduce the restriction dj of 9 to C \xi^, . . . ,a:i^] 
given by 

' E-=ia^ if W^G^ 
E;=i# if W^W[Br.) 



di 



Lemma 3.6 i) Suppose a € M is injective on I and, ifW — W {Bn), a takes the same parity on 
I. In that case, when V {a, I) has positive orientation then a power of dj transforms V {a, I) in a 
positive scalar multiple of either V (t, /), V {ip, I) or V {k, I). 

ii) di [V{l,I)) = and, ifW ^W {Bn), 9/ {V {k,I)) = = 9/ (V" («,/)). 
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Proof, i) Assume V {a, I) has positive orientation We write a' = (ai, . . . , a, — 2, . . . , a^) in the 
case W = W {Bn) and a' = (ai, . . . , — 1, . . . , afe) in the case W = ©„. Sine 9/ is Wz-invariant, 
we have 

di{V{a,I)) = di ^ S5(7r)7rxa;«= ^ sg{'K)ndi {x'^) 

7re6fc \i=l / 

k 

= ^ Aj ^ sg{n)n X a;"' 
i=i Treefc 
fe 

where Xi = ai {ai — 1) ii W = W (Bn) or \i ~ ai ii W = (3„. In the terms where V (a*, /fc) ^ 0, 
is clear that V (0;*,/^) has positive orientation and \a^\ = |q;| — 1 if T4^ = ©„ or |q;*| = |q;| — 2 if 
W = W (Bn). Now the proof follows by induction on the \a\ = J2j^i on- . 
ii) By i) we have: 

k 

dT{V{a,I)) = J2PiVa^ 

i=l 

but a* is not injective when a = t, tp or k so V^t = (1 < i < A;) in these cases. ■ 

Corollary 3.7 Let I„ = Uj^^Ij be a partition o/I„ and take a G M injective. If denotes the 
restriction of a to the set Ij , then there exists m G No such that: 

(h \ 
llV{a„I,) \ =ql[V{I,) 
j=i / j=i 

where q gN. 

Proof. The operator d can be decomposed as = J2'j=i ^3 ^it;h 

Let rrij G No be such that 9™^ V {aj,Ij) = qjV where /3j = L,ip or k defined on Ij as before. 

Let m = Y^'j^i TUj . Then we have 

\5\=m j=l 

so that 

h 
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Take S such that \d\ — m. li Sj > rrij for some index j, then d^' V {aj, Ij) = 0. If Sj < rrij for some 
index j then there exists i such that 6i > rrii and df^V (a^, li) = 0. It foUows that the only non-zero 
term in the in the right-hand side of the previous equahty corresponds to 5 = (tii, . . . , to^). Hence 



Lemma 3.8 Let ^ he a W -minimal orbit in M. Then C T>g {dJl). 

Proof. The idea of the proof is to produce a nontrivial element in 5*° n Vq (SDt). Suppose a 6 7. 
There is a decomposition of I„ = ^j^ilj such that 

i) The restrictions aj of a to Ij are injective; 

a) li W — W (Bn), aj takes the same parity on Ij; 

Hi) Each Ij is maximal with the properties i) and ii). 
Since 7 is a W^-minimal orbit, it follows that every aj is of the form i, if or k, so by Lemma 13.61 
and Corollary 13. 71 we have 

h 

h 

We will show that the polynomial is in the telescopic decomposition. Since 

j=i 

h 

Y\y^ ("^ii ^j) is the space S'^ this means it is in the kernel of d. Therefore it suffices to prove 

that the polynomial in question is in the image of power of d. Put Ij ~ {ii,i2, ■ ■ ■ ,'imj}- When 
W = W{Bn) define 

if TTij is even and a is even on Ij 
if TTij is even and a is odd on Ij 
if nij > 1 is odd and a is even on Ij 
if riij > 1 is odd and a is odd on Ij 

1 if nij = 1 and a is even on Ij 




and 



(ii) if nij = 1 and a is odd on Ij 

where the involution G x &n has the form {(, (ij)) with C £ being the n-tuple that 

takes on the value —1 only at points i and j. In case W = (3„ define 

^ ^ f («i,i2) • • • («m,-i,«m,) if is evcu 

\ (ii,«2) • • • (im,-2,«mj-i) if 771^ > 1 is odd 
and 

Ti = 1 if = 1 



Let T be the product of the involutions Tj. We can write r = r r"*" by grouping the positive and 
negative cycles of t. Let -ffj be the normalizer of in &j ~ & (Ij) and let be Tj a system of 
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representatives of right cosets of dj in &j . We put 





= ©1 


X • 


• • X ©„ 




= ^1 


X • • 


• X dm 




= ri 


X • • 


■ X Tin 



Let -i^T- = X as before and let f) denote a set of doubles permutations that give a system 
representatives of left cosets of "d^ in dr- According to the definition of Pr in (2) we write 



Decomposing 



we have 



Since the permutations rj are double permutations all factors V |^(a?7 ^) ^ have positive orien- 
tation. Now, by CoroUarv 13.71 there is a power m of 9 such that 

/ n \ h 



where g S N. 



Theorem 3.9 Suppose W = ©„ or W = W {Bn) and A4 is the Gelfand model defined in the 
previous section. Let (j) : M ^ V = 'C[xi, . . . , x„] be the W -morphism defined by 

and put = [M). Let 

be the W -invariant differential operator defined in this section. Then Mw = 2?a($H), i.e. the 
polynomial model for W is the telescopic decomposition of DJl with respect to d. In particular we 
have isomorphisms 



w 



Proof. By the Lemma [3.81 it follows that C 9JI for every VF- minimal 7 G M . From Theorem 
3.51 it follows that JVw C 2Jl = (A^)- But dime (A/W) = dime (M) because both are Gelfand 
models. This proves our main theorem. ■ 
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